Fractional calculus is a fruitful field of research in science and engineering. The concept of fractional exponents is an outgrowth of exponents with integer value. In the same way, fractional order of integration is a generalization of the mathematical operations of differentiation and integration to arbitrary, general, noninteger order. Although it better models the higher complexity by nature, it is still fairly easy to physically represent its meaning. However, taking in consideration that the study of fractional calculus theory opens the mind to entirely new branches of thought, in this feature article we illustrate as such concept can be an interesting and useful tools in electromagnetic theory to solve specific electromagnetic problems regarding the wave propagation and radiation in arbitrary dispersive dielectric materials. In particular, time fractional Maxwell's equations for media with power-law frequency dispersions are illustrated focusing the attention on the mathematical and computational topics. Moreover, practical examples highlighting their usefulness for understanding a variety of electromagnetic phenomena are provided.
1 Introduction. The modeling of the pulsed electric field (PEF) propagation in disordered and dispersive dielectrics is a subject of increasing research activities since they are found in a growing number of applications [1] [2] [3] [4] [5] [6] [7] [8] . The feasibility to change the dielectric response of a medium to generate unusual electromagnetic properties in artificially structured materials have been investigated in a variety of engineering applications including periodic and aperiodic subwavelength aperture arrays and left-handed materials [9] [10] [11] . Moreover, the estimation of dielectric response of an unknown material inside a lossy and dispersive structures is widely used in ground penetrating radar technique for the nondestructive diagnostic of buried targets and material characterization [12] [13] [14] 8] . On the other hand, biological tissues are an important class of dispersive dielectric media playing a key role in a number of new research activities in bioelectrics, a new interdisciplinary field combining knowledge of electromagnetic principles and theory, modeling and simulations, physics, material science, cell biology, and medicine [15] . The main goal of this discipline is the study of the interaction between electromagnetic radiation and biological tissues aimed at the investigation of nanopulse bioeffects for human safety, as well as at the use of ultrashort pulses in a variety of therapeutic and diagnostic applications such as hyperthermia, electroporation and the treatment of specific diseases [16] [17] [18] [19] [20] . Many research activities concerning microwave dielectric spectroscopy and imaging are in progress since they represent potential solutions for early-stage cancer detection and treatment, cancer investigations and diagnostic as well as to study the properties of materials occurring in production and processing of crops and food of agricultural origin [21] [22] [23] . Again, several studies are focused on the use of electromagnetic waves for discriminating malignant tissues from healthy ones. Moreover, PEFs are successfully used for reversible or irreversible electroporation to achieve selective killing of cancer cells, tissue ablation, gene therapy, and DNA based vaccination. Finally, recent applications employing PEFs technology include medical implant communication service, wireless medical telemetry service, body area networks, nanonetworks in a living biological environment, in-body electromagnetic communications [24] [25] [26] [27] .
All these technologies involve the interaction of electromagnetic fields with complex dielectric materials. For instance, the cellular death mechanism due to the PEF treatment is strongly affected by electric pulse parameters such as amplitude, duration, number of pulses, and repetition frequency. Moreover, the right knowledge of the electromagnetic field distribution inside biological tissues is essential to demonstrate the effects of electromagnetic radiation absorption. Again, in the contest of the in-body communications among the nano devices the right evaluation of the network performance in term of data rate and transmission range needs of an accurate modelling of the electromagnetic field propagation inside human tissues. In many applicative cases, the electromagnetic field cannot be easily measured. As a result, the development of theoretical models and computational techniques to determine the propagation properties of electromagnetic pulses is fundamental to gain insight into the several phenomena occurring within complex dielectric materials subject to an imposed electromagnetic field. In particular, numerical simulations under various conditions can be used to identify the fundamental parameters involved in noninvasive diagnosis and medical sensors as well as to provide guidance for computational dosimetry and for the development of specific therapeutic approaches.
The electromagnetic field distribution inside more complex or disordered dielectric materials such as polymers, biopolymers, emulsions and microemulsions, biological cells and tissues, porous materials mainly depends on their electric properties, but the lack of data and accurate models, over broad frequency ranges, has thus far been an obstacle for both theoretical and experimental studies. In fact, the complexity of the structure and composition of such matter produces anomalies in the dynamic dielectric properties resulting in a strong dispersion of dielectric susceptibility. This dispersion can be explained by considering that the disordered nature and microstructure of the systems yield multiple relaxation times resulting in a timedomain response generally nonsymmetric and markedly different from that of dielectric media modeled by the simple dielectric response relationships. As a consequence, an accurate representation of the experimental dielectric response in the frequency domain usually requires empirical models exhibiting fractional powers of the angular frequency jω. Due to this, the solution of the Maxwell's equations in the time domain is not trivial since it involes the concept of fractional derivatives. Just as fractional exponents may find their way into innumerable equations and applications, it will become apparent that integrations of fractional order can find practical use in many modern problems [28] [29] [30] [31] [32] . To this aim, in this feature article we illustrate a generalization of the Maxwell's equations using fractional calculus theory and a general fractional function to model the multiple higher order dispersive relaxation processes defining the dielectric response. In particular, a novel FDTD algorithm for studying electromagnetic pulse propagation in arbitrary dispersive dielectric is presented from both mathematical and computational point of views. The resulting formulation is explicit, it has a second-order accuracy, and the need for additional storage variables is minimal. Examples showing the pulse propagation in a variety of dispersive media are examined with the aim to demonstrate the capability of the proposed method to solve complex electromagnetic problems.
2 Dielectric function models. The interaction of heterogeneous mixtures of dielectric materials with electromagnetic radiation takes place in different relaxation processes including (i) reorientation of dipolar molecules, (ii) interfacial polarization arising by the presence of two or more regions with different electrical properties, (iii) ionic diffusion, (iv) motion of the molecules, (v) relaxations due to the nonspherical shape as well as in different resonant phenomena due to molecular, atomic or electronic vibrations. Their resulting behavior causes a frequency dispersion pattern of permittivity and conductivity [33, 34] . Many efforts have been made to model this behavior for a multitude of different materials at a variety of frequency ranges and bandwidths. Within this framework, the Debye model has been widely used to describe a very simple dielectric response arising by the dipolar relaxation [35, 36] . It is a simple expression characterized by a single relaxation time that is capable of handling materials having high water content. Unfortunately, numerous experimental studies have demonstrated that the relaxation behavior of a wide range of dielectric materials deviates strongly from the Debye relaxation law. As a consequence, the demonstration of a number of phenomena such as broadness, asymmetry and excess in the dielectric dispersion has motivated the development of empirical response functions as Cole-Cole, Cole-Davidson, Havriliak-Negami, Kohlrausch-Williams-Watts, Jonscher, and Raicu [37] [38] [39] [40] [41] [42] .
Under the influence of a step-wise electric field, the material polarization occurs. In linear and isotropic medium, the effect of polarization is expressed in frequency domain by the expression [43] 
where D, E and ε are the electric flux density, the electric field and the material relative permittivity, respectively. Moreover, the relaxation properties of different media (dielectrics, semiconductors, ferromagnetics, and so on) are normally expressed in terms of the response function φ (ω) related to the frequency dependence of dielectric permittivity through the following relation
where ε ∞ is the asymptotic relative permittivity at high frequency and ε s is the static relative permittivity. The classical Debye expression is
where τ is the relaxation time characterizing the Debye process. In this case, the time-domain response function turn out to be purely exponential since the inverse Fourier tranform gives
An useful technique allowing the reproduction of the experimental spectra ε(ω) by adjusting free parameters of a mathematical expression is based on the use of an empirical dielectric function model in conjunction with nonlinear least square optimization. Using this method, other empirical response functions exhibiting a broad distribution of relaxation times have been proposed. In particular, the Cole-Cole (C-C) function is
and the Raicu (R) function is
In Eq. (5)- (8) the adjusting parameters 0 ≤ α, β, γ ≤ 1 account for shape and behavioral features of the permittivity function. However, the resonant dispersion characteristics due to the fractional oscillator can modelled using Eq. (5) with 1 < α ≤ 2 [44] . Moreover, tacking the inverse Fourier transform of Eq. (5)- (8) it can be inferred that the time-domain response function strongly deviate from the exponential Debye law. The empirical relationships Eq. (5)- (8) work well for certain materials under specific conditions, but not for others. In fact, their effectiveness may fall when more complex or disordered systems having heterogeneous, inhomogeneous and disordered structure at both microscopic and mesoscopic scales are employed. To overcome this limitation and to provide an extended model flexibility enabling a better parametrization of the arbitrary dispersive media properties as well as a better fitting, over broad frequency ranges, of the experimental data, other models have been discussed in literature. A modified version of the HavriliakNegami model has been recently derived with the aim to fit some experimental data exhibiting a less typical twopower-law relaxation pattern with frequency power law exponents m and n satisfying m < 1 − n [45, 46] . In that connection, a more general empirical power law model has been proposed by the authors in [1] . In particular, using a general fractional polynomial series approximation, the characteristics of a general dispersive medium exhibiting multirelaxation processes is modeled by using the following relationship
where b k,i , β k,i denote suitable real-valued parameters chosen so that the following conditions hold true
Eq. (10) avoids model singularities and it reduces instabilities of the time-marching scheme adopted for the numerical solution of Maxwell's equations. Eq. (11) defines the consistency of the representation, and Eq. (12) ensures the passivity. Such power law modelling has been developed to overcome the limitations of the dielectric response presented in [7] . Moreover, it allows to derive the equations governing the evolution of the dielectric processes by using non-local pseudo-differential operators of non-integer order. On the other hand, the nature of the fractional order operators modelling the dielectric response enables its incorporation into time-domain Maxwell's equations. Finally, applying a dedicated optimization algorithm based on the enhanced weighted quantum particle swarm optimization and a suitable relative error function [47] the free parameters b k,i , β k,i , τ k,i , K, N can be evaluated. This method is versatile because its capability to deal with every data, it can reproduce fine details, and it proved to feature superior effectiveness in terms of convergence rate and accuracy in comparison with alternative evolutionary stochastic search methods available in the scientific literature [48, 49] .
3 FDTD dispersive modelling. The FDTD technique, based on the direct time integration of Maxwell's equations using the central finite difference method, is a well-known numerically robust and appropriate method for the computer technology of today. It is relatively simple, can easily deal with a broadband response, has almost no limit in the description of geometrical and dispersive properties of the material being simulated [50] . However, one of the strengths of FDTD is that a single simulation can provide broadband results by using a pulsed excitation.
physica status solidi
Maxwell's equations in dispersive media constitude a stiff problem and the development of FDTD methods to study the transient wave propagation in such media is an area of active interest. In particular, the main challenge of the FDTD algorithm is the numerical tretment of the constitutive relation (see Eq. (1)), which can be addressed in two alternative ways. The first approach uses a recursive convolution of dielectric susceptibility and the corresponding field components in the time-domain [51] [52] [53] , and the second one is based on the discretization of an auxiliary differential equation [54] [55] [56] . To embed dispersion into the FDTD algorithm, the frequency dependent dielectric properties have often been described by Debye model (see Eq. (3)) [57] [58] [59] that requires the least computational overhead. Moreover, varoius methods have been suggested for modelling Lorentzian, modified Lorentzian and Drude media [60] [61] [62] [63] [64] as well as for approximating the relative permittivity using rational or polynomial functions [65] [66] [67] [68] .
Thanks to the rapid development of computing and data storage technology, new FDTD algorithms has become feasible for modelling the dispersion characteristics described by Eq. (5)- (9) with high accuracy. However, the implementation of such models using the FDTD method is difficult since the corresponding time-domain polarization relation contains fractional order derivaties, whose discretization is troublesome. Various methods have been suggested capable of implementing the C-C dispersion relation in FDTD codes. Some researchers provided a transformation from the more accurate C-C dispersion relation, in frequency domain, to the multiple-pole Debye relation with a coarse accurancy [69, 70] . Other methods implementing the C-C dispersion in FDTD utilizes the Z-transform that may require storing of the electric field and/or some auxiliary field quantities for a few previous time steps leading to large memory requirement [71, 72] . An interesting approach for incorporating the C-C dispersion in FDTD is presented in [73] where the distribution function of the relaxation times was sampled in a finite number of values. This method could be potentially very accurate but at the same time it requires a number of distinct polarization equations for every pole of the C-C model making the work very tedious for only one pole. To address such shortcoming, alternative FDTD implementations based on the sampling of the distribution of relaxation time and the convolution integral formulation have been presented [74] . This approach required storing of the electric field and some related auxiliary quantities for only the previous time-step. Other techniques for FDTD modeling of wave propagation in nth-order dispersive media based on Mobius transformation technique and the Padé representation in Z-transform space are illustrated in [75, 76] .
Alternative approaches based on the application of fractional derivatives and recursive evaluated integrals are suggested in [77, 78] . The accuracy of the method illustrated in [77] was not high and the recursive update of the convolution integral is provided by a sum of decaying exponentials with suitable coefficients ensuring reasonable accuracy. Using the auxiliary equations in conjunction with the idea of fractional derivatives, the incorporation of the multiterm Cole-Cole model in the FDTD scheme was illustrated in [76] . Such method demonstrated excellent accuracy with minimum auxiliary variables and thus minimum storage spaces. However, the main limit of such approaches is that they can only deal with nth-order Debye and Cole-Cole models. Considering this drawback and the requirement to model a more general permittivity function (see Eq. (5)- (9)), the authors proposed a scheme in which the double fractional derivative operator relevant to the general H-N response is directly incorporated in the FDTD basic algorithm, thus avoiding the use of ADEs [2, 7] . The developed numerical method was applied to the analysis of pulse-wave propagation in general dispersive media modeled by C-C, C-D, and H-N equations. The proposed formulation is based on the optimal truncation of the binomial series relevant to the H-N fractional derivative operator, in accordance with the Riemann-Liouville theory. The performed tests demonstrated that the developed method provides a reliable and very accurate results for ωτ ≤ 10, α < 0.5, and β < 0.25. On the other hand, it suffers of a reduced numerical accuracy for ωτ ≥ 10, α > 0.5, and β > 0.25. To overcome this limitation, the authors have extended the FDTD scheme by implementing a more general series representation of the fractional derivative operators [1, 79] . This study was motivated to seek for an extended model flexibility enabling a better parametrization of the dispersive media properties as well as a better fitting, over broad frequency ranges, of the experimental dielectric response.
3.1 Fractional calculus based FDTD scheme. For a nonmagnetic dispersive dielectric material with response function described by Eq. (9), the differential version of Maxwell's equations in frequency domain are given by
and
where σ is the static conductivity, H is the magnetic field, and the pth term of the auxiliary displacement current den-
where
Taking the inverse Fourier transform of eq. (15), it can be found
involving the fractional derivative operator
. ] being the integer part operator, and considering the Riemann-Liouville fractional derivative operator it follows:
Applying a second-order accurate finite-difference scheme at the time instant t = m∆t and using the semi-implicit approximation:
and the numerical approximation
after some mathematical manipulations, well detailed in [1, 7, 26, 79] , it is possible to find the following updating equations for the magnetic and electric fields as well as for the diplacement current density:
In the above equations, the curl of magnetic and electric fields are approximated by the standard Yee algorithm in a uniform space-time grid. 3.2 UPML boundary conditions. As well known, no computer can store an unlimited amount of data, and therefore, the computational domain has to be limited in size. For such problems, and especially for FDTD method, an absorbing boundary condition (ABC) should be used with the aim to complete the interior numerical scheme and to simulate the expression of the lattice to infinity. The perfect matched layer (PML) introduced by Bérenger is a effective ABC to terminate domains employing free space, lossy, dispersive, inhomogeneous, anisotropic and nonlinear media [80] [81] [82] . In particular, the innovation of the PML is that plane waves of arbitrary incidence, polarization, and frequency are matched at the boundary. Lots of papers appeared to validate PML technique and among the various implementations of PMLs the uniaxial anisotropic PML (UPML), presented by Gedney [83] , appears very attractive in view of the fact that Maxwell's equations maintain their familiar physical form as well as its application to the FDTD method is more computationally efficient and ideal for parallel computation.
In the fractional-calculus-based FDTD algotithm the numerical implementation of the UPML conditions requires special treatments due to the approximation of fractional derivatives into the simulator. To this aim, the authors derived dedicated UPML boundary conditions in combination with the basic time-marching scheme accounting for the electrical conductivity and the multirelaxation characteristics of the dielectric material under analysis [1, 7] . In particular, the developed approach combines the stretched auxiliary electric field and density current vectors with the fractional derivative equation describing the dispersion properties of the medium. The discretization of the resulting equations on the Yee lattice was carried out by adopting the usual leapfrog scheme in time, wherein the loss terms was averaged according to the semiimplicit approximation. In particular, in accordance with the complex coordinate stretching approach [50] , by introducing the auxiliary electric field vector, e, and by following a mathematical procedure well detailed in [1, 7] , the update equations for both electric and magnetic field within the physica status solidi UPML termination can be written as
and (27) where σ x , κ x are the UPML material parameters, and Y 0 = (ε 0 /µ 0 ) 1/2 is the wave admittance in free space. However, the maximum value assumed by the conductivity at the truncation of the UPML region, the UPML thickness, and the polynomial function describing the UPML condictivity profile have been optimized to enhance the absorption of electromagnetic waves thus minimizing the spurious reflection level in the solution domain.
Numerical stability
Considering that the FDTD algorithm samples the electromagnetic field at discrete points both in time and space, the choice of the sampling periods has to comply with specific restrictions to guarantee the stability of the solution. In fact, these parameters affect the accuracy of the solution and if their choosing is not appropriate the computed electric and magnetic field components will increase without limit as the simulation progresses. The stability analysis of the FDTD scheme is usually performed following the von Neumanns spectral approach [50, 84, 85] . In particular, to ensure numerical stability the time step needs to satisfy the Courant-Friedrich-Lewy (CFL) criterion. This condition is generally derived with the assumption of homogeneous lossless dielectrics and linear dispersive materials. However, to the best of the authors knowledge, there is still no satisfactory theory to explain the stability of FDTD formulation containing media characterized by a power-law dielectric function. To this aim, in [1] the authors derived the characteristic equation for the fractional-calculus-based FDTD algorithm demonstrating that the corresponding eigenvalues remain bounded. In particular, assuming the time-harmonic dependence of the electromagnetic field the first-order derivatives in time and space degenerate in unnormalized cardinal sine function. Then, by introducing the numerical amplification factor, z, it is possible to derive, after quite lengthy calculations, the following characteristic polynomial equation
where Ξ is the algebric operator corresponding to the transformation of the first-order time derivative, D r , N r are two polynomials defining the transformed permittivity function as a rational function. Using the Jenkins-Traub root-finding method for polynomials with complex-valued coefficients it is possible to calculate the eigenvalues z i satisfying Eq. (28). In particular, to check the numerical stability of the proposed algorithm the location of z i has been analyzed as a function of the Courant factor and the normalized spatial frequency of the general plane-wave mode propagating within the FDTD lattice. Fig. 1 shows the location of the zeros z i for the test case illustrated in [1] and pertaining the single-layered H-N dielectric slab in air. The obtained results highlighted that the spectral radius of the polynomial equation (28) is always smaller than unity, thus verifying the numerical stability of the proposed time-marching scheme.
Test cases
The reliability of the FDTD procedure based on Riemann-Liouville fractional operator theory has been assessed for modeling the ultrawideband electromagnetic pulse propagation in single and multilayered systems employing various dielectrics featuring the Debye, C-C, C-D, H-N, R dispersion relationships as well as to address complex electromagnetic problems involving spatialdependent permittivity modelled by Maxwell-Garnet and Bruggeman approaches [1, 2, 7, 79] . All the tests have been done implementing the conventional total field/scattered field formulation and a sinusoidally time-modulated Gaussian pulse source [50] . Moreover, just for the 1-D problems, the results computed using our fractional-calculusbased FDTD scheme have been compared with those derived using a rigorous fully analytical technique based on the transfer matrix approach [86] . In [7] , single layer C-C, C-D, and H-N media was investigated in detail focusing the attention on the UPML characteristics and checking that the numerical electromagnetic field distribution does not feature any long time divergence. In particular, it was inferred that UPML having thickness d UPML = 30∆z, and polynomial order m = 7 has optimal absorbing properties. In [1] , we analyzed the short-pulse wave propagation in general layered dispersive materials characterized by multiple relaxation times giving emphasis to the relevant numerical stability and to the optimization procedure adopted to derive the fractional power series representation of the permittivity function and to perform the nonlinear fitting of the exponential terms appearing in the finite-difference approximation of the fractional derivative operator. A relevant test regarded the electromagnetic characterization of a three-layered H-N dispersive dielectric slab over an ultrawide frequency band. In fact, because the multiple and very different relaxation times characterizing each layer, it was a stress test aimed to demonstrate the reliability and robustness of the proposed algorithm. Fig. 2 shows the reflectance and transmittance spectra as evaluated by using the methology illustrate in [1] and [7] as well as a rigorous analytical approach. The excellent agreement with the analytical technique validates the enhancement of the numerical accuracy of the new methodology illustrated in [1] in comparison with the previous one introduced in [7] . However, the numerical simulations was performed over a time interval more than 300 times the duration of the source pulse showing a well-behaved distribution and asymptotically decreasing energy over time.
The extended FDTD scheme was also applied to evaluate the pulse propagation in multilayered slab involving dielectrics with higher order dispersion characteristics such as those exhibited by R equation with multiple relaxation times. Considering the higher order fractional-power-law, the R representation poses nontrivial problems in the embedding of the model into the core of an existing FDTD scheme. Thus, the capability of the proposed methodology to easily overcome such drawback providing accurate results further confims its usefulness for addressing of complex electromagnetic problems. Just to justify this statement, Fig. 3 shows the reflectance and transmittance versus frequency as computed by means of the developed time domain technique and the analytical transfer-matrix-based method in frequency domain for layered R dielectric slab with multiple relaxation times. Clearly, the agreement between the two approaches is very good.
To prove just how meddlesome the developed FDTD technique is, we also analyzed the pulse propagation inside dielectrics characterized by a spatial and power law frequency dependence of the electric permittivity. To this aim, both Maxwell-Garnet and Bruggeman models was taken into account [79] . In particular, a binary mixture composed by a bulk material and inclusions having ellipsoidal shape was considered. In these materials, further parameters as the depolarization factor and the space-dependent filling factors function define the dielectric permittivity. So, a number of investigations was performed considering linear and exponential filling factor functions as well as by changing both the depolarization factor and the mixing model. The comparison between Maxwell-Garnet and Bruggeman models shows differences in the propagation characteristics especially at low frequency. Such result highlights a critical point regarding the choice of the suitable mixing model since for denser composites Bruggemans formula is better suited than the Maxwell-Garnett one. Fig. 4 and 5 show the space-time distribution of the electric field pertaining a growing and decreasing piecewise filling factor functions, respectively. The transmission and reflection physica status solidi phenomena occurring at the air-dielectric interface is clear as well as the pulse spreading inside the dispersive material and the spatial variation of the group velocity are evident.
Special Applications.
The developed FDTD technique provides a general-purpose tool useful to address different kind of complex electromagnetic problems. It could be useful in the field of the computational dosimetry to study the temperature elevation in biological tissues subject to PEF excitation. It could be successfully applied in the field of remotely powered implantable devices for optimizing the trade-off between the received power and tissue absorption as well as in the field of the biological nanonetworks to provide a detailed channel characterization in terms of transmission rate and communication distance. Moreover, it could be used in the field of dielectric spectroscopy to estimate the thickness and/or the dielectric response of an unknown material inside a lossy and dispersive multilayer structures or in the field of ground penetrating radar for the nondestructive diagnostic of buried targets and material characterization.
Computational dosimetry.
In general, when considering the interaction of electromagnetic fields with biological systems, it is important to take into account that part of the electromagnetic energy is absorbed by tissues. Such interaction leads to a temperature improvement which could cause deleterious thermal damage due to Joule heating. Thus, to achieve a quantitative understanding of biological responses, the induced electric field, power density and the derived dosimetric quantity of specific absorption rate (SAR) as well as the temperature rise inside the tissues have to be quantified and correlated with any observed phenomena. In view of these requirements and considering that the dielectric response of a broad variety of biological media can be described by power-law in the frequency domain, our fractional calculus-based FDTD algorithm was extended to incorporate further physics outlined by the Pennes bioheat equation, modelling the heat conduction, metabolism and blood perfusion effects, and the Gagges two-node model, which takes into account the thermoregulation mechanisms as shivering, regulatory sweating and vasomotion [87] . A multi-layered human head structure consisting of skin, fat, bone, dura, CSF and brain was considered. So, the space-time temperature distribution inside the biological layers forming the human head was calculated as well as the temperature profiles with and without thermoregulation phenomenon was compared. Moreover, other investigations was carried out by changing electric parameters such as the amplitude and duration of the electric pulses. In particular, Fig.6 displays the spatial distribution of the SAR when the system is irradiated with a PEF burst having different hold times. It is clear that the SAR increases for longer pulse durations as well as, for shorter PEF signals, it is higher in the outer layer because the electromagnetic wave is strongly attenuated by the skin. On the other hand, for longer pulse duration the electromagnetic wave propagates deeper thus generating higher values of SAR inside the CSF layer. Fig.7 and Fig.8 show the temperature versus the time for three different PEF durations at the air-skin boundary and at the outer surface of the brain layer, respectively. It is worth to notice that the temperature rise exhibits a nonlinear dependance respect to the PEF duration. For shorter pulses, a brain temperature raise lower than 0.5
• C occurs because the high frequency spectral components exhibit a strong attenuation before reaching the brain. On the other hand, for longer pulses the lower frequency spectral com- Temperature evolution at the air-skin boundary for a PEF burst characterized by three different hold times. Data from [87] .
ponents can reach the brain layer thus resulting in a higher temperature improvement.
Non-destructive diagnostic
Ground-penetrating radar (GPR) is a popular non-destructive method used in many applications such as aquifer and soil studies, civil engineering, glaciology, archeology, and waste disposal programs. Numerous research efforts have been devoted to the numerical modelling of GPR. However, the main challenges to address for a successful application of GPR regard the prediction and understanding of the electromagnetic field propagation in heterogeneous environments. The investigation of this problem is the primary motivation for the computational modelling of GPR and considering that many soils and rocks can be simulated using empirical relationships based on fractional power law, our FDTD model could be a useful solution. Fig. 9 diplays the considered electromagnetic problem. In particular, the electromagnetic pulse launched from the air half space spreads into the dispersive soil interacting with a lossy circular cylinder. The frequency-dependent permittivity of the soil and the cilinder conductivity as those defined in [9] . To solve this problem, a 2-D FDTD formulation based on fractional calculus theory has been derived and expanded by using the general theory detailed in [1, 7] . Moreover, 2-D UPML boundary conditions have been implemented in combination with the basic time-marching scheme. The simulations have been carried out by considering as electromagnetic source a current density wire covering the physica status solidi frequency range 10 MHz ÷ 1 GHz. Fig. 10 shows the B-scan GPR image obtained by collecting the scattered electric field along a straight path on the top of the airdispersive soil surface, when the electromagnetic source and the pipe are placed 15 cm above and 50 cm under such surface.
The obtained preliminary results demonstrate that the developed FDTD technique could be used in the field of the geophysical inspection of the soil, the mapping of buried utilities, the surveys of roads, buildings, and bridges as well as the landmine detection.
In-body electromagnetic communications
Recently, the Internet of Nano Things (IoNT) paradigm has transformed the use of the Internet since it supports new networked systems referred to as Body Area NanoNETwork (BANNET) [88, 89] . In these systems, a multitude of nanosensors and nanamachines can interact to form a pervasive network for monitoring of biological functionalities of people and for supporting of advanced healthcare services, ambient assisted living, wearable health monitoring, and telemedicine applications. Electromagnetic-based communications are a viable technique to support data exchange in the nanonetworks and, in particular, THz-band can provide users with unprecedentedly large bandwidths. Moreover, the nanonetworks can benefit from the compact size of THz transceivers and antennas as well as such band open a new interests due to its less susceptibility to some propagation effects as the Rayleigh scattering.
The design, implementation and deployment of nanonetworks in a biological environment poses considerable challenges since the propagation of electromagnetic waves inside the human body is drastically impacted by the absorption of liquid water molecules and by the noise due to the strong molecular absorption. As critical parameters, the path loss and molecular absorption need to be investigated in-depth for the evaluation of nanonetworks performance since they can strongly affect both the transmission rates and communication ranges. Moreover, the channel characterization in a realistic scenario requires the study of the PEF propagation in biological media. Based on these premises, we applied our fractional-calculus-based FDTD algorithm to formulate a more accurate study of in-body electromagnetic communications [26] . It provided an important step forwards for the state of the art because it was developed a sophisticated channel model quantifying the impact of both the frequency and spatial dependence of the skin permittivity on the channel performance. The scenario under study was composed by a source node located outside of the arm, but directly attached to the human body, and a destination device implanted inside the body. The non-homogeneous dielectric properties of the skin tissue, due to the spatial variation of the water concentration, was modelled by using a stratified media stack consisting of stratum corneum, epidermis, dermis and fat. Fig. 11 shows the modulus of the normalized electric field as a function of the time and the distance between source and destination nodes. The multiple reflected waves generated by the stratified media stack and the reflection phenomenon occurring at the air-skin interface can be clearly observed. The total path loss due to the spreading path loss, generated by the expansion of waves, and the absorption path loss, concerning to the molecular absorption in the biological tissue, was numerically calculated using our FDTD algorithm. Fig. 12 displays the total path loss versus both the frequency and distance between source and destination nodes. By the obtained results we inferred that the total path loss is mainly influenced by absorption phenomena which is 6 times higher than the one due by the waves expansion.
The noise power spectral density due to the internal molecular vibrations was also evaluated in terms of the equivalent noise temperature. In particular, the obtained results highlighted that noise temperature is not extremely high at the level of millimeters allowing acceptable signal to noise ratio within the human tissue in the Terahertz band. Moreover, to quantify the upper bound of channel capacity and the related transmission ranges the flat, pulse-based and optimal communication schemes was investigated. From the obtained results, was observed that the channel capacity decreases with the distance between source and destination node and that a physical data rate in the order of Tbps can be only reached for transmission ranges less than 2 mm. On the other hand, the communication capabilities are extremely injured for distances higher than 9 mm.
5 Conclusion. The theory of the fractional calculus has been developed mainly as an interesting, but purely mathematical, concept for many years. However, starting from the 20th century it has been used in numerous mathematical models involving different physical phenomena. Recently, the fractional-order differentiation and integration have been successfully implemented into electrodynamics, leading to the generalisations of the Maxwell's equations. These investigations have started with an attempts to explain the frequency-dependent electromagnetic effects in dielectrics. It appears that these effects may be successfully modelled with the generalised Maxwell's equations incorporating fractional derivatives. The research in this field is currently in its early stage. As a result, the development of specific numerical techniques for solving Maxwell's equations with fractional order derivatives could provide interesting tools for understanding the electromagnetic wave propagation and radiation in dielectrics characterized by power law response in the frequency domain, as well as to predict new electromagnetic phenomena. Moreover, they may be an essential tool to engineer novel artificial and structured materials for the realization of new electromagnetic components and systems. In view of such fascinating picture, this feature article is devoted to illustrate the recent advantages on the dielectric function modelling and fractional calculus based FDTD schemes as well as to outline the main research results obtained by the authors in the field of the fractional electrodynamics. In particular, with the purpose to analyze the short-pulse wave propagation in general dispersive materials a novel FDTD technique based on the fractional derivative operator theory is presented. Specific studies directed towards the establishment of efficient and effective UPML boundary conditions and computing algorithm have been carried out to genrate a stable FDTD scheme. To this aim, the numerical stability of the proposed procedure has been analyzed by deriving a relevant numerical dispersion equation. The soundness and reliability of the developed FDTD scheme has been assessed by several test cases involving various types of dispersive materials and systems in both 1-D and 2-D geometries. Consirering the performed test cases and the illustrated special applications, we demonstrated that the FDTD code can be applied for investigating the pulse wave propagation and temperature rise in a multilayered human head structure, to study the electromagnetic scattering by object buried in dispersive soils, and for the channel characterization of the in-body electromagnetic communications.
